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Abstract. In [ ] we define a Curtis-Tits group as a certain generalization of a Kac- 
Moody group. We distinguish between orientable and non-orientable Curtis-Tits groups 
and identify all orientable Curtis- Tits groups as Kac-Moody groups associated to twin- 
buildings. 

In the present paper we construct all orientable and non-orientable Curtis-Tits groups 
with diagram A n over a field k. The resulting groups are quite interesting in their own 
right. The orientable ones are related to Drinfel'd' s construction of vector bundles over a 
non-commutative projective line and to the classical groups over cyclic algebras. The non- 
orientable ones are related to q-CCR algebras in physics and have symplectic, orthogonal 
and unitary groups as quotients. 
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1. INTRODUCTION 

In [40] J. Tits defines a group of Kac-Moody type to be a group with a twin-root datum, 
which implies that they are symmetry groups of Moufang twin-buildings. 

In [3] P. Abramenko and B. Muhlherr generalize a celebrated theorem of Curtis and Tits 
on groups with finite BN-pair [14, 3 ] to groups of Kac-Moody type. This theorem states 
that a Kac-Moody group G is the universal completion of an amalgam of rank two (Levi) 
subgroups, as they are arranged inside G itself. Similar results on Curtis-Tits-Phan type 
amalgams have been obtained in [4, 5, 6, 10, 11, 24, 25, 26, 27]. For an overview of that 
subject see [23]. 

In [12] we take this result as a starting point and define a Curtis-Tits amalgam over 
a given diagram to be an amalgam of groups such that the sub-amalgam corresponding 
to a two-vertex sub-diagram is the amalgam of Levi subgroups of some rank-2 group of 
Lie type. There is no a priori reference to an ambient group, nor to the existence of an 
associated (twin-) building. Indeed, there is no a priori guarantee that the amalgam will 
not collapse. 

We then classify those Curtis-Tits amalgams whose diagram is simply-laced and has no 
circuits of length at most 3 and whose groups are k-groups for some field k of order at least 
4 (for similar results in special cases see [17, 22]). Such amalgams are described by the 
diagram as follows. For each node the amalgam contains a rank-1 group which is a copy 
of SL 2 (k), for each non-edge the rank-2 group is the direct product of the node groups, 
and for each edge the rank-2 group is a copy of SL 3 (k) such that the node groups form a 
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"standard pair". The condition on the diagram and field ensure that if the amalgam has 
a non-trivial completion G, then it contains a torus that is generated by certain uniquely 
determined tori in the groups of the amalgam. We obtain the following result. 

Classification Theorem Let T be a simply laced Dynkin diagram with no triangles 
and k a field with at least 4 elements. There is a natural bijection between isomorphism 
classes of Curtis-Tits amalgams over the field k on the graph F and elements of the set 
{$: 7r(r,i ) — > (t) x Aut(k)| $ is a group homomorphism} , where r has order 2. 

Here, 7r(r,i ) denotes the (first) fundamental group of the graph V with base point i^. 
The group Aut(k) x (r) should be viewed as a subgroup of the stabilizer in Aut(SL 2 (k)) 
of a fixed torus in SL^k); r denotes the transpose-inverse map w.r.t. that torus. 

We call amalgams corresponding to homomorphisms $ whose image lies inside Aut(k) 
"orientable" ; others are called "non-orientable" . It is not at all immediate that all non- 
orientable amalgams arising from the Classification Theorem are non-collapsing, i.e. that 
their universal completion is non-trivial. We shall call a non-trivial group a Curtis-Tits 
group if it is the universal completion of a Curtis-Tits amalgam. It is shown that orientable 
Curtis-Tits amalgams are precisely those arising from the Curtis-Tits theorem applied to 
a group of Kac-Moody type. Thus, groups of Kac-Moody type are orientable Curtis-Tits 
groups. 

1.1. main results. The purpose of the present paper is to construct orientable and non- 
orientable Curtis- Tits groups with diagram A n _i and to study their properties. 

The paper is structured as follows. In Section 2 we introduce the relevant notions about 
amalgams and in Section 3 we describe the automorphisms needed to define all possible 
Curtis-Tits amalgams of type T = A n -\. For the reader's convenience we have included 
this definition here. 

Definition 1.1. Given an element 5 G Aut(k) x (r) < Aut(SL2(k)) there is a Curtis-Tits 
amalgam A 5 of type A n _\, which we now construct. We index the nodes of Y cyclically 
with elements from / = {1,2, ... ,n} (modulo n). For each i G / we let Gi = SL^k) and 
A 5 = {Gi, Gij \i,je 1} with connecting maps if) = {ipi,j \ i,j G /}, where 

(SCT1) for any vertex i, the group Gi = SL 2 (k) and for each pair i, j G /, 



hi ~ 



SL 3 (k) 

Gi x Gj 



if 
if 



= {m + 1} 

^{m + i} 



(SCT2) For i = 1, 2, . . . , n - 1 we have 



ipi^+i '■ Gi — > Gi : 




Gi+i — > Gi : 




A 



A 
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and we have 

whereas for all other pairs (i, j), ipij is the natural inclusion of Gi in Gi x Gj. 

For A n _i type diagrams, the Classification Theorem reduces to Corollary 3.3 which 
asserts that, indeed, every Curtis- Tits amalgam is isomorphic to A s for some 5 £ Aut(k) x 
(r). We have chosen our setup such that A ld is the amalgam resulting from applying the 
Curtis-Tits theorem to the split Kac-Moody group SL n (k[t, t -1 ]) of type A n _i. For more 
details see the proof of Corollary 3.3. 

Theorem 1 then shows that all Curtis-Tits amalgams with diagram A n ^i corresponding 
to elements in the torsion subgroup of Aut(k) x (r) have non-trivial universal completion. 
More precisely, we prove the following. 

Theorem 1. Let n > 4 and |k| > 4. For each element 5 £ Aut(k) x (r) of finite order 
s, there exists a non-trivial completion G s of A s inside a split Kac-Moody group of type 
A nm ,-i; rn = s if 5 £ Aut(k) and m = 2s otherwise. Moreover, if 5 £ Aut(k) or 5 = r, 
then G s is the universal completion of A s . 

The first part of Theorem 1 follows from the classification of amalgams in Corollary 3.3 
and the construction of their completions in Section 4. Since the proof of the last statement 
in Theorem 1 is more involved we distribute it over Theorems 2 and 3 bellow. 

In Section 5 we exhibit a non-trivial completion for orientable Curtis-Tits groups and 
prove the following. 

Theorem 2. Let n > 4 and |k| > 4. The universal completion of A 5 is SL n (R). 

Here R = k{t,t -1 } is the ring of skew Laurent polynomials with coefficients in the field 
k such that for x £ k we have t~ l xt = x s (recall that 5 £ Aut(k)). We use a suitable 
definition of a determinant to identify SL n (R). 

Then in Section 6 we do the same for the non-orient able amalgam A T and prove the 
following. 

Theorem 3. Let n > 4 and let k be a field of size at least 5. The universal completion G T 
of A T is the group of symmetries in SL2 n (k[t, t^ 1 }) of the a-sesquilinear form (3. 

Here k[t, t -1 ] denotes the ring of Laurent polynomials with coefficients in the field k and 
commuting indeterminate t; a is the automorphism fixing k pointwise and interchanging t 
and t~ l and /3 is an asymmetric a-sesquilinear form. 

Since the completions in Theorems 2 and 3 are a special case of those constructed in 
Section 4, we offer the following natural conjecture. 

Conjecture 1. For each element 5 £ Aut(k) x (t) 7 the universal completion of the amalgam 
A s is a non-trivial subgroup G s of the automorphism group of a combinatorial building of 
type A. 
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In Section 7 we explore connections between Curtis- Tits groups of type A n _\ and other 
areas of mathematics and mathematical physics. In particular we see that these groups 
are quite interesting in their own right. The orientable ones are related to Drinfel'd' s 
construction of vector bundles over a non- commutative projective line and to classical 
groups over cyclic algebras. The non-orient able ones are related to q-CCR algebras in 
physics and have symplectic, orthogonal and unitary groups as quotients. 

Finally, we note that some of these groups have been studied in a different context, 
namely that of abstract involutions of Kac- Moody groups [! ]. In that paper, also con- 
nectedness, but not simple-connectedness, of geometries such as those defined in Section 6 
is proved. 

Acknowledgement. This project was started during a visit to the Banff International Re- 
search Station and finished during a visit to the Mathematisches Forschungsinstitut Ober- 
wolfach in the Research in Pairs program from October 25 until November 7, 2009. We 
thank both institutes for providing such a pleasant and stimulating research environment. 

2. CT-GROUPS 

In this section we introduce the notion of a Curtis-Tits group over a commutative field 
and define their category. Throughout the paper k will be a commutative field. 

Definition 2.1. Let V be a vector space of dimension 3 over k. We call (Si, S2) a standard 
pair for S = SL(V) if there are decompositions V — Ui © Vi, i — 1, 2, with dim(C/j) = 1 
and dim(Vi) = 2 such that C/i C 7 2 and {7 2 ^ V\ and S$ centralizes Ui and preserves Vi. 

One also calls Si a standard complement of S2 and vice- versa. We set D\ = Ns 1 (S2) and 
D2 = Ns 2 (Si). A simple calculation shows that Di is a maximal torus in Si, for i — 1,2. 
In general if G = SL 3 (k), then (G±, G2) is a standard pair for G if there is an isomorphism 
ip: G —7- S such that ip{Gj) = Si for i — 1,2. 

Definition 2.2. A simply laced Dynkin diagram over the set J is a simple graph T = (J, E). 
That is, r has vertex set I, and an edge set E that contains no loops or double edges. 

Definition 2.3. An amalgam over a set / is a collection A = {Gi,Gij \ i,j G /} of 
groups, together with a collection ip = {<p it j \ i,j G /} of monomorphisms <^>y : Gi 
Gij, called inclusion maps. A completion of A is a group G together with a collection 
4> = {(fii,(fii t j I i,2 G /} of homomorphisms 0,: G; L — > G and (f)^: Gij — > G, whose images 
generated G, such that for any i, j we have (f>ij o = 0^. For simplicity we denote by 
Gi = (fij(Gi) < Gij. The amalgam A is non- collapsing if it has a non-trivial completion. A 
completion [G, cf>) is called universal if for any completion (G, <p) there is a unique surjective 
group homomorphism n : G — > G such that = tc o 0. 

Definition 2.4. Let T = (/, E) be a simply laced Dynkin diagram. A Curtis-Tits amalgam 
over T is a non-collapsing amalgam -4(r) = {Gi,Gij \ i,j G /}, with connecting maps 
ip = {ifij \i,je I}, such that 
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(CT1) for any vertex i, the group Gi = SL 2 (k) and for each pair i,j G /, 

/ SL(Vij) if G E 

'■ J \ Gi x Gj if ¥ E ' 

where Vij is a 3- dimensional vector space over k; 
(CT2) if {i,j} G E then (Gi,Gj) is a standard pair in Gij. 



From now on T = (I, E) will be a Dynkin diagram without circuits of length < 3 and 
without isolated nodes. Also, A = A(T) = {Gi,Gij \ i,j G /} will be a non-collapsing 
Curtis-Tits amalgam over T with connecting maps <p = {(fiij I}. 

It is proved in [12] that if the Dynkin diagram is has no circuits of length at most 3, then 
the following is well-defined. 

Definition 2.5. For i,j G /, we let A = N G%j (Gj) nG i: where {i,j} G E. Note that this 
defines Di for all i since T has no isolated nodes. We also denote Di = cp^j(Di). 



We then have the following. 

Lemma 2.6. [12, Section 2] If {i,j} G E, then Di and Dj are contained in a unique 
common maximal torus D^j of Gij . 

Definition 2.7. Note that a torus in SL 2 (k) uniquely determines a pair of opposite root 
groups X + and X_. We now choose one root group Xj normalized by the torus Di of Gi 
for each i. An orientable Curtis-Tits (OCT) amalgam (respectively orientable Curtis- Tits 
(OCT) group) is a non-collapsing Curtis-Tits amalgam that admits a system {Xj | % G /} 
of root groups as above such that for any i,j G /, the groups ipi t j(Xi) and (fj si (Xj) are 
contained in a common Borel subgroup Bij of Gij. 

2.1. morphisms. In this subsection, for k = 1, 2, let r fc = (I k , E k ) be a Dynkin diagram. 
Now, for k = 1,2, let A k = {G k ,G h j | i,j G be a Curtis-Tits amalgam whose Dynkin 
diagram T k has no circuits of length < 3. 

Definition 2.8. A homomorphism between the amalgams ^(r) and *4 2 (r) is a collection 
(f) = {4>i,(pi t j | i,j G I 1 } of group homomorphisms 0^: G\ — > G\ and 0y : Gjj — >■ G^- such 
that 

We call (f) an isomorphism of amalgams if 0j and 0jj are bijective for all i,j G /, and 
</) _1 = {(f)~ , | i,j G J 1 } is a homomorphism of amalgams. 
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3. CLASSIFICATION OF CURTIS-TITS AMALGAMS OF TYPE A n _i 

3.1. the role of Aut(k) x (r). In this subsection we describe all amalgams of type A n _i 
using the Classification Theorem. 

To this end we first discuss certain automorphisms of the Curtis-Tits amalgam with 
diagram A 2 . Let W be a (left) vector space of dimension n over k. Let G = SL(W) act on 
W as the matrix group SL n (k) with respect to some fixed basis E = {e« | i = 1, 2, . . . , n}. 
Let t G Aut(SL n (k)) be the automorphism given by 

A ^ t A~ 1 

where t A denotes the transpose of A. 

Let $ = {(i, j) | 1 < i 7^ j < n}. For any (i, j) G $ and A G k, we define the root group 
Xij = {X it j(\) | A G k}, where Xjj(A) acts as 

efc i-> e/c for all A; 7^ j. 

Let $ + = {(z, j) G $ I z < j} and $_ = G $ | j < i}. We call Xjj positive if 

(z, j) G $+ and negative otherwise. Let H be the torus of diagonal matrices in SL n (k) 
and for e G {+, — }, let X £ = (Xij | (i, j) G $ e ) and B £ = H x X e . The following lemma 
describes the action of r on these root groups. 

Lemma 3.1. X[j = Xj^ for all G $ and B T e = B_ £ , for e G {+, -}. 



Let TL n (k) be the group of all semilinear automorphisms of the vector space W and 
let PrL n (k) = rL n (k)/Z(TL n (k)). Then TL n (k) = GL n (k) x Aut(k), where we view 
a G Aut(k) as an element of rL n (k) by setting ((ai,j)i'j=i) a — ( a ?,j)7,j=x- The automorphism 
group of SL n (k) can be expressed using PTL n (k) and r as follows [33]. 

Lemma 3.2. 

Aut(SL n (k)) = {prL^{k] x (r) ff" > 3, 

Corollary 3.3. When n > 4 and |k| > 4 ; every Curtis-Tits amalgam with diagram A n _i 
is isomorphic to A s for some unique 5 G Aut(k) x (r). 

Proof. Let T = (I, E), where I = {1, . . . , n} and E = {{1, 2}, {2, 3}, . . . , {n, 1}}. Select 
7 = (1, 2, . . . , n, 1) as a generator for the fundamental group n(T, 1) of T with base point 1. 
Let .Ao be the amalgam with diagram A n _\ arising from the Curtis-Tits theorem applied 
to the Kac-Moody group SL n (k[t, t^ 1 ]). Following [ ] all other Curtis-Tits amalgams with 
diagram A n _i are of type Aq and they are all classified up to isomorphism by a homo- 
morphism $: 7r(r, 1) — > Aut(k) x (r). Such a homomorphism is completely determined 
by $(7). Thus, the Curtis-Tits amalgams with diagram A„_i are classified by an element 
5 G Aut(k) x (r). Here 5 = id corresponds to the amalgam Aq itself and in general S 
corresponds to the amalgam Aq in which all vertex-edge inclusions are those of Aq except 
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that the inclusion map G\ •— > G n i is given by S (see the proof of Theorem 1 of loc. cit. and 
the section on twists of Kac-Moody groups). □ 

Remark 3.4. The conditions n > 4 and |k| > 4 are required in the proof of the Classifica- 
tion Theorem. If the amalgam has a non-trivial completion, these conditions guarantee the 
existence of a torus generated by certain tori of the groups in the amalgam. By Theorem 1 
in fact all Curtis-Tits amalgams described in Corollary 3.3 have a non-trivial completion. 

If one considers those Curtis-Tits amalgams of type A 2 or of type A n _i over a field 
k of at most 3 elements, such that if the amalgam has a non-trivial completion, such a 
torus exists, then also those amalgams are in bijection with elements of Aut(k) x (r). 
However, in the absence of such a guarantee, the methods developed in [13] show that a 
priori there are many more Curtis-Tits amalgams of type A 2 . Interestingly, in the extreme 
case of amalgams of type A 2 over F 2 , a direct calculation shows that there are 8 pairwise 
non-isomorphic amalgams, but the only non-collapsing two are those corresponding to the 
elements of Aut(k) x (r) = {id, r}. 

Our next goal is to construct universal completions of each one of the amalgams A s . 

4. MIXED COMPLETIONS 

Let 5 G Aut(k) x (r) and let A s be as in Definition 1.1. We shall now construct a 
completion of A s assuming that 5 = ar for some a G Aut(k) of finite order s > 1. The 
cases where 5 G Aut(k) or 5 = r will be dealt with in Section 5 and 6 respectively. In 
those sections we shall not only construct the amalgam and a completion, but we shall also 
prove that those completions are universal. 

Let A = k[t, t~ x ] be the ring of Laurent polynomials in the commuting variable t with 
coefficients in the field k and let a G Aut(A) be the automorphism that fixes k element 
wise and interchanges t and t~ x . 

We will now construct an amalgam C 6 inside SL 2sn (A) that is isomorphic to the amalgam 
A s from Corollary 3.3. Consider the following matrices: 

J 

Let H = (a,r) < Aut(SL2(k)). We now define an injective homomorphism $: H 
Aut(SL 2s „(A)) by letting 

$(<*): X ^ F -n X a F n 

$(r) I X ^ F snj-lt X -aj F sn 

Also define the map i: SL 2 (k) — > SL 2sn (A) by 

A h-> 














tlsn 


Osn 


Osn 





A 






l2sn-2 



Next, for k = 1, . . . , n + 1, define 4>k '■ SL 2 (k) — > SL 2sn (A) by setting 

MA) =n t76H $(7 ? )(i(A)) 

MA) =F~ 1 Mi(A)F 
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We now let Lj be the image of SL 2 (k) under fa and Ly be the subgroup of SL 2sn (A) 
generated by L { and Lj. Note that as groups L\ = L n+ i. 

Definition 4.1. For each i,j G {1,2, . . . , n}, let (pij' Li Ljj be the natural inclusion 
map. Then we define the following amalgam: 

C 5 = {Li,Lij,(p id \i,j G I}. 

Now let 

G 5 = (L u L itj | i,j G {1, . . . , n}) < SL 2sn (A) 

Proposition 4.2. T/ie group G s is a completion for the amalgam C s , which is isomorphic 
to A s . 

Proof. That C s is contained in, and generates G s follows by definition of fa. We claim 
that the collection <fi = {(pi, faj \ i,j G 1} is the required isomorphism between A 6 and C s . 
This is completely straightforward since we have 4> n +i ° (pi 1 — ct s ~ l T = 5~ l . □ 

We conjecture that it is in fact the universal completion. 

5. ORIENTABLE CURTIS-TITS GROUPS 

Let k[T, T~ l ] be the ring of Laurent polynomials over the field k and let 5 G Aut(k). 

Theorem 5.1. If 5 has order s then the universal completion G s of A 6 is a simply connected 
Kac-Moody group of type A n _x- It is a subgroup of finite index K inside SL sn (k[T, T -1 ]). 
Moreover if the norm k — > k s is surjective then K = ns[(k s )* : ((k s )*) sn ]. 

5.1. linear groups over twisted laurent polynomials. Let k be a commutative field 
and 6 G Aut(k). The ring of twisted Laurent polynomials is the non-commutative ring 

R =k{t,r 1 } 

where t _1 xt = x s for all x G k. For some given n > 1, let / = {1,2, ... ,n} and let 
M be an n-dimensional free left i?-module with ordered basis £ = {e\, . . . ,e n }. The 
group of all i?-linear invertible transformations of M is denoted GL^(M). Representation 
of transformations as matrices w.r.t. the basis 8 acting from the left yields the usual 
identification: 

End fi (M) — >■ M n (R) 

9 >->■ (gi,j)i,jei, where, for all j G I, ge j = J2i 3ij e i 

Note that since R is in general not commutative, for a,b,c G End^(M) with ah = c, we 
have 

<* = Ew 

At the very end of [40] it is claimed that a realization of the Kac-Moody group G s can be 
obtained as a subgroup of index n inside PGL n (k{£, We shall now proceed to give 

an explicit description of this realization. 
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Consider the following collection C 5 = {Li, 
SL„(k{t, r 1 }). For % = 1, 2, . . . , n - 1, let 

i ,' h 



, n} of subgroups of 



A 



and 



'n-2 




A G SL 2 (k) 



a 6 



d NSMk) 



Moreover, for each jj'elwe let 



L 



Finally we let the inclusion maps <^jj be given by natural inclusion of subgroups of GL^(M) 
Proposition 5.2. VKe have an isomorphism of CT amalgams C 5 = A 5 . 
Proof. Consider the following matrix: 

F -- 






In-1 








We now define the automorphism $ of PGL ra (k{t,t 1 }) given by X \— > F 1 XF. We first 
note that we have isomorphisms fa : SL 2 (k) — > L t . For i — 1, 2, . . . , n — 1 we take 

'h 

A 

In-i-2, 

Moreover, we define 

n : SL 2 (k) 

'd 5 - 1 ct~ v 

I n-2 

tb a 

One verifies that, for % — 1, 2, . . . , n we have (pi = <3>*o0 o . In particular <p n is an isomorphism. 
We now turn to the rank 2 groups. For distinct i,j G {1,2,..., n}, let faj be the canonical 
isomorphism between G^j = (Gi,Gj) and L it j = (Li,Lj) induced by fa and fa. Note that 
this implies that fa t i+i = o 12 . 

We claim that the collection (p = {(pi, faj \ %, j G /} is the required isomorphism between 
A s and £ 5 . This is completely straightforward except for the maps (pi, (p n> i. Note that 






( a 


b 


P 




n,l- 


d 


e 








\9 


h 







/ter 1 t/r 1 




dt^X 


tht^ 1 tit' 1 




gt- 1 








\ tb tc 




a J 



Thus we have 
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for all i, j El. □ 

5.2. a presentation over the ring k[T, T -1 ]. In the case when the order of the auto- 
morphism 5 E Aut(k) is finite we give another interpretation of the group G 5 . To do so, 
let s — \8\ and consider the rings 

R =k{t,t~ 1 } 
A = k[T,T" 1 ] 

where T = t s . Note that T commutes with k so that A is the usual ring of Laurent 
polynomials in T over k. 

Now let M be the free left R- module of dimension n with basis ei, • • • ,e n . Then M is 
also a free A- module of dimension sn with basis B = {b ni+ j — Pej \ i — 0, • • • s — 1 and j = 
1, ■ ■ ■ n}, ordered lexicographically (that is, t l ej < t k ei whenever i < k and j, I are arbitrary, 
or i = k and j < I) so that b u < b v , whenever u < v. Using the basis B we have an 
embedding 

p: End R (M) ^ End j4 (M) M m (A). 

Scalar multiplication on M by the element t E R is a <5~ 1 -semi A-linear transformation on 
M and so we can interpret this as an element from TL sn (A), acting on the basis B as x n , 
where x is given by 

T 



x- , 

1 ns—l 

From now on we shall denote this transformation by 9. Now an A-linear map g represents 
an i?-linear transformation precisely if it satisfies 8g = g6. We phrase this in a lemma. 

Lemma 5.3. End^(M)^ = C Msn{A) {9). 

In matrix notation this means that x n g s 1 = gx n . More explicitly, if we represent g 
with respect to B as a block-matrix g = (gi,j)ij = i, where g^j E M n (A), then the condition 
9g = g6 is equivalent to choosing gij randomly, and setting 



(1 \ 9i+i,j+i = 9i/ 1 < hJ < s - 1 

Definition 5.4. For any g E End/j(M), let detn(g) = detA(g p ), where the latter denotes 
the determinant in the matrix ring M sn (A). 

Lemma 5.5. We have GL R (M) = {g E End fl (M) | det R (g) E A*}. 

Proof. Let g E End«(M). Clearly if g E GL R (M), then g p is invertible in M sn (A) so that 
det R (g) E A*, the ring of units of A. Conversely, suppose that det R (g) E A*, and let 
g v be its inverse in M sn (A). Since g E CM sn (A)(9), so is g -1 and the result follows from 
Lemma 5.3. □ 



-i 



Lemma 5.6. Consider the map det R : End/j(M) — » A and assume that the norm N$: k — >■ 
k 5 is surjective. Then, we have the following. 
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• The image of GLr(M) under det# is equal to {XT 1 \ X G k s , I G Z}. 

• r/ie TOfl^e of Z n (R) = Z(GLr(M)) wider det fl zs egna/ to {A sn T /sn | A G k 5 ,/ G Z}. 

Proof. The relation i"^ = gx n implies that det(g s ) = det(g), that is, det(g) G k 5 [T, T -1 ]* = 
{aT l \ a ek s ,l e Z}. This shows C. Moreover, note that the element x G GL^(M) P has 
determinant T and the diagonal matrix corresponding to the transformation e\ — > ae\ with 
a G k and — >■ for all z > 2 has determinant N$(a). This shows the inclusion 3 and we 
have proved part (a). 

(b) As in commutative matrix algebra it is clear that any element of Z n (R) must be of 
the form z id, for some z G R. Moreover, since such an element must commute with all 
other scalar matrices, z must belong to Z(R)* = (A 6 )* = {aT l \ a G (k 5 )*,/ G Z}. The 
image of zid under p is a matrix of the form zl sn and therefore has determinant z sn . □ 

From now on we shall make the following assumption: 
(S) The norm N$ : k — > k s is surjective. 

Corollary 5.7. The index [PGL n (i?): PSL n ( J R)] = sn[k 5 : (k 5 ) sn }. 

Proof. We have [PGL n (i?) : PSL n (R)) = [GLr(M) : SL n (i?) ■ Z n {R)\ = [(A 5 )* : ((A 5 )*) sn ], 
so the result follows from Lemma 5.6. □ 

5.3. proof of theorem 5.1. Let A = (A + , A_,Op) be the affine twin-building of type 
M = A ns _i over the set I = {0, 1, . . . , ns - 1} afforded by V = M ® A k(T). Consider the 
standard twin-apartment S = (£+,£_) corresponding to the A-basis B = {b n i + j = t l ej \ 
i — 0, . . . , s — 1; j — 1, . . . , n}. For e — +,—, let v £ be the discrete valuation on k such 
that v £ (T e ) = 1 (where T e is short for T £l ) and let O e < k be its valuation ring. In this 
section we shall also need the flag complex £ of A e . We describe this here following [2]. 
Let e G {+, — }. The objects of A £ are the T-invariant chains of A-lattices of rank ns in V 
of the form: 

•■•fACAC T- £ A C ... 

We denote this chain [A]. The collection of objects of A £ is denoted O e . We have a type 
function typ £ : O e — > I given as follows. The type of the standard object [A £ i ] is / G /, 
where 

K,i = (Tb , b h . . . , b ns ) OE , 

and in general typ £ ([gA £j0 ]) = ev £ (det(g)) mod (ns), for any g G GL ns (k(T)). Call objects 
x, y G O e incident, written x*y, if x Uy is a T-invariant chain. A flag F is a subset FCO £ 
such that x,y G F implies x * y. Let J- e be the collection of all flags of A £ ordered by 
C. We have a type function typ e : T £ —> I, given by typ e (F) = {typ £ (x) | x G F}. Then, 
6 e = (J-" £ , C, typ e , /) is the flag-complex of A e in the sense of [28]. 

Call objects x + G 0+ and x_ G 0_ opposite if there is some A-basis {ao, . . . ,a sn } for 
M such that x £ = (a , . . . , a sn )o E . Call flags F + C + and F_ C 0^ opposite if for each 
x + G F + there is an x_ G F_ opposite to it. The resulting relation is called Op e and 
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G = (0 + ,0_,Op e ) is called a twin flag complex. Since i is finite e is a combinatorial 
building and is a combinatorial twin-building in the sense of [28]. 

Note that c £ = {[A £) j] | i G 1} is a chamber of 6 £ and (c + ,c_) is a pair of opposite 
chambers of G. In the notation of [ '], we have c £ = c £ (B). 

Let if be a group of not-necessarily type-preserving automorphisms of A. Then each 
h G H induces a permutation of the node set I of M denoted typ(/i) and we set typ(if ) = 
{typ(h) | h G H}. Clearly typ(h) preserves adjacency and non-adjacency in M and so 
typ(H) is a group of automorphisms of M. Now if is a deck-transformation group in the 
sense of [28] provided 

i typ(if) is a deck transformation group of M, that is, no non-trivial element of H 
sends a node i to a node at distance < 2 from i, 

ii typ(/i) = id.M implies h = id a- 

We let I be the set of typ(if )-orbits in i and let 7: i — > I be the corresponding covering 
map. Let M be the diagram on i such that and 7(9) are adjacent in M if and only if 
i and j are adjacent in M. 

Lemma 5.8. Let e = +,— . Then, 9 acts as a type-permuting automorphism on the 
combinatorial twin-building B. Moreover, 9 fixes the pair of opposite chambers (c + , c_) and 
(9) is a deck-transformation group ofQ. Hence, (9) satisfies the conditions of Theorem B 
in Miihlherr's paper [28]. 

Proof. That 9 acts as an automorphism of follows from the fact that it sends free O e 
lattices to free O e lattices while preserving their rank and inclusion among such lattices. 
Since it is <5 _1 -semilinear over k(T), it preserves the A-module M, thereby preserving the 
opposition relation Op e . 

That 9 preserves c e is an easy exercise. In fact 9 permutes the objects of c £ by sending 
the object of type i to the object of type i + n modulo ns. Since 9 is an automorphism 
of 6 the graph automorphism typ(6') permutes the types by sending type i to type i + n 
modulo ns. 

We now have to check that (9) satisfies conditions (i) and (ii) above, (i) follows since 
n > 2. (ii) follows since 9 has order s on 0. □ 

Thus, we have = {i,i + n, . . . ,i + (s — l)n}, so we can represent i = {0, 1, 2, . . . , n — 1} 
and M = A n _i. Naturally 9 induces a graph automorphism on W . Since there can be no 
confusion, we shall also denote this map by 9. The group W = {w G W \ w e = w} is a 
Coxeter group with diagram A n ^\. 

For £ = +,—, let A £ = {d e A £ \ 9(d) = d}, and let Op,, be the opposition relation induced 
on A + x A_ U A_ x A + by the opposition relation of A. Let 5* be the W-valued distance 
function induced by 5*. Let A = (A + x A_,<5*). 

Proposition 5.9. A is a twin-building with diagram An-i- 
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Proof. By Lemma 5.8 and G = (9) satisfy the conditions of Theorem B of [28]. That 
theorem claims that G contains a combinatorial twin-building K. = (/C+, /C_, Op^). We 
shall now describe its construction. 

For e = +, — , let J- e be the collection of F £ G T e fixed by 9 and let C £ be the collection of 
/-flags in T £ at finite distance from c £ . Here c = (c+, c_) is the pair of opposite chambers 
fixed by 9 by assumption. Since I is finite in our case, any two chambers in J 7 are at finite 
distance and so C £ = {D G J- e \ 9(D) = D}. Note here that since O is a combinatorial 
building itself, we could rephrase this as C £ = {d G A e | 9(d) = d}. Now /C is defined by 
setting K £ = (S £ , C, typ^, /) and letting Op^ be the restriction of Op e to S + xS_US- x5 + ; 

here 5 e = {F £ J^e \ F (1 D for some D G C e }. Since J is finite, C £ is the chamber system 
of 6 £ denoted Cham(6 e ). However, C £ C Cham(/C £ ) C Cham(6 e ) and so C e is the entire 
chamber system of JC £ , which by Theorem B of [28] is a combinatorial building of type 
M = An-i. We now let A = (A+, A_, 5*), where A £ is the chamber system C £ equipped 
with the W- valued distance function and 5* is the codistance determined by Op^. □ 

Lemma 5.10. The group Cq(9) is an automorphism group of the twin-building A that is 
transitive on pairs of opposite chambers. 

Proof. Identify A with the twin-building obtained from the Birkhoff decomposition asso- 
ciated to the twin-BN pair (B + , B_, N) for G. Here B + and B- are the stabilizers of 
the fundamental chambers c + and c_ and iV is the stabilizer of the twin-apartment S on 
c + and c_. Thus A e is identified with G/B £ via gc £ i— > gB £ . Moreover, setting W = 
N/(N n B + ) = N/(N n BJ), the co-distance function is given by 5*(gB + , hB_) = w E W, 
when B + g~ l hB_ is the unique double coset B + wB_ in B + WB_. 

Since 9 fixes c + and c_, it preserves B + and -B_, so that the action of 9 on A is given 
entirely by its action on G. It readily follows that the subgroup C G (6 ) ) of G preserves A 
as well as Op A and hence is an automorphism group of A. 

It suffices to show that Cq(9) is transitive on pairs of opposite chambers in A. Consider 
a pair of opposite chambers (d + ,d ) G A + x A_. Then, since G is transitive on pairs of 
opposite chambers of A, there is a g G G so that (d + , oL) corresponds to (gB + ,gB-). Note 
that this implies that g e = gh for some h G B + fl B- = H . We claim that there is some 
g' G Cq(9) with (g'B + ,g'BJ) = (gB + , gBJ). Thus it suffices to show that there is some 
k G H with (gk) e = ghk e = gk, that is so that 

(2) hk e = k. 
Note also that since g 9 " = ghh 9 ■ ■ ■ h 0S = g we have 

(3) hh e ■ ■ ■ h 08 ' 1 = id sn 



Writing h = diag{/ti, . . . ,h s } and k = diag{/ci, . . . , k s } as block-diagonal matrices with 
respect to the basis B so that hi,ki G M n (A) we find that (2) can be solved provided that 
h 5 s s h 5 s B _i ■ ■ ■ h{ = id n , which is precisely equivalent to (3). 
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Therefore the fixed complex A consists of those chambers gB + , gB_, where g G Cg{0). 
Thus, the result follows. □ 



Proof, (of Theorem 2) 

By Proposition 5.9 A is a twin-building with diagram A n _\. In particular, A satisfies 
condition (co) of [ ]. By Lemma 5.10, Cq{9) is an automorphism group of A that is 
transitive on pairs of opposite chambers. Then, by the twin-building version of the Curtis- 
Tits theorem [3] the automorphism group Cg{6) of A is the universal completion of the 
amalgam B = {Bi,Bij | i,j G 1} of Levi-components of rank 2 and 3. Now consider 
the amalgam p(C s ). One verifies easily that, for each i,j G /, SL 2 (k) = p(Li) < Bi and 
SL 3 (k) = p(Lij) < B^, when {i,j} is an edge of the diagram (In fact we have Bi = p(Li)D 
and Bij = p(Lij)D, where D is the maximal split torus stabilizing c + and c_). Using the 
more precise version of the Curtis-Tits theorem [37] for the group (B^ | i G / — {k}) one 
shows that the universal completion of the amalgam B equals the universal completion of 
p(C s ). Alternatively one could obtain this result along the lines of the proof of Theorem 3. 

The result follows from Proposition 5.2 and the fact that Cg(6) = SL n (i?) by Lem- 
mas 5.3 and 5.5. □ 

6. THE NON-ORIENTABLE CURTIS-TITS GROUP G T 

In this section A = k[t,t _1 ] denotes the ring of commuting Laurent polynomials with 
coefficients in the field k. As before let V be a k(t)-vector space of dimension 2n, where 
n > 4, with (ordered) basis H = {ei, . . . , e n , fi, . . . , f n }. Let M be the free A-lattice spanned 
by this basis. Furthermore we let G = SL(M). 

In this subsection we introduce a sesquilinear form (5 on V and an involution 9 of G such 
that the fixed group G e is precisely the group of symmetries of (3 in G. In Subsection 6.1 
we will prove that G 9 is flag-transitive on a geometry A e . In Subsection 6.2 we prove that 
the geometry A e is connected and simply connected which by Tits' Lemma implies that 
the group G 9 is the universal completion of the amalgam of maximal parabolics. We then 
observe that the amalgam of parabolics of rank 2 and 3 in G 9 with respect to this action 
on A 9 is isomorphic to A T . Moreover, we note that the maximal parabolics are all linear 
groups over k. Theorem 3 will then follow by applying the Curtis-Tits theorem for linear 
groups applied to the maximal parabolics. 

We shall sometimes identify elements of V as (column) vectors with respect to the basis 
H. With this identification G = SL 2n (A) acts on V as a group of matrices with respect to 
the basis H by left multiplication. 

Let a be the involutory automorphism of k(t) that fixes k pointwise and interchanges t 
and t~ l . Define a cr-sesquilinear form on V, that is, 

(3(\u,pv) = \(3(u,v)p a for all u,v <E V and X, p G k(£) 
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such that the Gram matrix of H with respect to /3 equals 

B ~- 



n 


In 


tin 


o„ 



Definition 6.1. The right adjoint of a transformation g G rL(V), is the transformation 
g* G TL(V) such that (3(gu,g*v) = (3(u,v) for all u, v G V. 

We define the automorphism 9: G \— > G by 

(4) g i-). V *B 

Here t B denotes the transpose of B. 

Lemma 6.2. The automorphism 9 is an involution of G and for each g G G we have 

o * 
9=9- 

Proof. For u, v G V and g G G we have (3(gu,g e v) = t (gu)B(g e v) cr = t u t g t t g^ 1 t B a v cr = 
t ut t B cr v cr = f3(u,v) and since this holds for all u,v £ V and f3 is non-degenerate, we are 
done. That 9 is an involution now follows. □ 



Let 

SU(V,/3) := {g G SL 2 „(A)|Va;, y G V,(3(gx,gy) = (3{x,y)}. 
Corollary 6.3. The unitary group SU(V,/3) is the fixed group G e = {g G G \ g e = g} . 



We will now construct an amalgam C T inside SL 2ra (A) that is isomorphic to the amalgam 
A T from Corollary 3.3. Consider the following matrix: 






-^271-1 








We now define the automorphism $ of SL 2n (A) given by X i— > F X XF. Also define the 
map i: SL 2 (k) — > SL 2 „(A) by 

A i— >■ 



A 









Next, for k = 1, . . . , n + 1, let fc : SL 2 (k) ^ SL 2n (A) by 

fc (A) = $ fc - 1 (z(A))^($ fe - 1 (2(A))) 
and let L^ be the image of <pk- Note that for each k — 1, ... n — 1 we have 



r / 4-1 



\ 



.4 



I'n—k- 



Ik-1 



\A G SL 2 (k) 



I V 



-fc-1 / 
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and 



r / 



'n-2 



I V 



-ct~ 



-bt \ 



'n-2 



d 



* ) e SL2(k > 



> . 



/ 



Let I = {1,2, ... ,n}. We shall denote the diagonal torus in the group Lj by D± for each 
i G /. For distinct i,j G /, let faj be the canonical isomorphism between G^j = (G^Gj) 
and Lij = {Li,Lj)c induced by fa and fa. It follows that = SL 3 (k) if i — j = ±1( 



mod n) and GV,- = 



L,- x Li otherwise. 



Definition 6.4. For each i,j G {1,2, . . . ,n}, let <^j: Lj ■=->■ Ljj be the natural inclusion 
map. Then we define the following amalgam: 

C T = {Li,Lij,ipij | i,j G /}. 

Proposition 6.5. The amalgam C7 is contained in G e and is isomorphic to A T . 

Proof. That C T is contained in G e follows by definition of fa and the fact that 9 has order 
2. We claim that the collection cf) = {(pi, faj \ i, j G /} is the required isomorphism between 
A T and C7 . This is completely straightforward since we have fa o — r. □ 



We finish this subsection with some observations on the form /3 and the action of G on V. 

Lemma 6.6. (3 is a non- degenerate trace-valued (o~,t)-sesquilinear form, that is for all 
u,v G V we have (3(v, u) = t(5{u, v) a and there exists x G k(t) such that (3{u, u) = x + x a t. 

Proof. The first claim follows easily from the fact that t l B a = B. To prove the second 
claim, let u = Yn=i ^ + fafi anci let u ' = Yh=i K e i + K/i- Tnen 

n 

P(u, u') = + rnK't = ^(«'> U Y 

i=l 

In particular, setting u = v! we get x = Yui=i faK- ^ 

Definition 6.7. Given a k(t)-basis {a\, . . . ,a2 n } for V, the right dual basis for V with 
respect to (3 is the unique basis {a\, . . . , a^} such that (3(ai,a*) = 6ij (note the order 
within 0). 

Lemma 6.8. Let {a±, . . . , a n , h\, . . . , b n } be a basis for V with Gram matrix B. Then its 
right-dual basis is {b\, . . . , b n , tax, ... , ta n }. 

The following is an easy generalization of Lemma 6.2. 

Lemma 6.9. If g G GL(V) is represented by a matrix (^y) with respect to {a 1; . . . ,a 2n } ; 
then g* is represented by t (gL)~ 1 with respect to {a*, . . . , a^} 
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Corollary 6.10. The right dual of an A-basis for M is an A-basis for M. 

Proof. This follows from Lemma 6.8 and 6.9 by observing that GL(M) is transitive on such 
bases and invariant under the map (g^) \-t t (gL)~ 1 - □ 

6.1. the geometry A 9 for G 9 . We now describe a geometry A 9 on which G 9 acts flag- 
transitively so that C T is the amalgam of parabolic subgroups of rank 2 and 3 in G 9 . 

Let A be the twin-building for the group G = SL2 n (A) with twinning determined by M 
(for a construction see Subsection 5.3). Let (W, S) be the Coxeter system with diagram F 
of type A 2n -i- Call S — {s^ | % — 0, . . . , 2n — 1}. 

We define a relaxed incidence relation on A e as follows. We say that d e and e e are 
(i, ^(i))-adjacent if and only if d £ and e E are in a common {i, 0(i)}-residue. In this case we 
write 

d m ■ p 

where we let % 6 {1, . . . , n}. Note that the residues in this chamber system are J-residues 
of A £ where J 9 = J. In Subsection 6.2 we shall see that the resulting chamber system 
(A e , ~) is simply connected. 

Definition 6.11. For each e -lattice A £ we let 

A 9 = {v <EV \ P(u, v) e O e for all u e AJ. 

Lemma 6.12. (a) If {ai, . . . , a2 n } is a basis for V with right dual {a^, . . . , a^} with 
respect to (3, then A 9 (ai, . . . , a 2 „.) = A_ e (a^, . . . , a^). 

(b) For all i, j we have {Parf = Pa* so Af (t jl ai, P 2n a 2n ) = A_ e (t jl a*, P 2n a* n ). 

(c) 9 reverses inclusion of lattices. 

Proof. Parts (a) and (b) are straightforward consequences of the fact that (3 is a-sesquilinear. 
Part (c) follows from Definition 6.11. □ 



The standard ordered t -hyperbolic basis for M is {ei, . . . , e n , fx, . . . , f n } whose Gram matrix 
is given by B. The standard chamber in A £ is c e (ei, . . . , e n , fi, . . . , f n ). 

Proposition 6.13. The map 9 induces isomorphisms 9: A e — > A_ e where typ(9): I — > I 
is the graph isomorphism defined by i — >■ i — n mod (2n). Moreover, 9 interchanges the 
standard chambers c + and c_ . 

Proof. By Lemma 6.12 (a) and (c) 9 sends admissible chains of (9 £ -lattices to admissible 
chains of CL e -lattices. In particular, it interchanges A e -objects with A_ e -objects while 
preserving incidence. Thus 9 induces the required isomorphisms. We now analyze how 
types are permuted by 9. 

Let X i)S be the object of type i on c e . We show that Xf £ = X n+i _ e . This follows 
immediately from Lemmas 6.12 and 6.8. In particular c + and c_ are interchanged. 

We now consider an arbitrary lattice A e = (ai, . . . , a2 n )o e , where {ai, . . . , a2 n } is some 
k(£)-basis for M (note that this is always possible as the Kac Moody group SL 2n (A) acts 
flag transitively on the twin building). 
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Let g be the transformation sending e, to tij and /j to a n+ j for z = 1,2, ... ,n. Since 
# G GL(M), it follows that det g = at 1 G A* for some a G fc, / G Z. Now s~ n g~ a = g e s~ 1 is 
the transformation sending ei, ...,/„ to a*, ... , a^n- Taking determinants we see that the 
type of is ev £ (det(g)~ a t~ n ) = ev £ (det(g)) — n mod (2n). □ 

Definition 6.14. Let 

A" = {(d + ,d e + ) | d + oppd e + } 

Adjacency is given by ~. Residues of A 6 are the intersections of residues of (A, «) with 
the set A T . 

Lemma 6.15. (d + , d_) 6 A s z/ and only if there is an A-basis {a 1; . . . , a n , bi, . . . , b n } for 
M whose Gram matrix is B and such that d e = c £ (ai, . . . , a n , bi, . . . , b n ). 

Proof. As in the proof of Proposition 6.13, one verifies that any such basis gives rise 
to a pair of chambers in A . Conversely, let (d + ,d_) G A e . That means that gL = 
d 9 + . Let S = gL) be the twin-apartment containing d + and gL. Then Y? = E. 

Let {di, . . . , a n , &i, . . . , b n } be an A-basis for M such that S = £{ai, ■ • ■ , a n , bi, . . . , b n } 
and d e = c e (ai, . . . , a n , b x , . . . , b n ), where X = (ai, . . . , a n , 6i, . . . , 6 n )o e has type 0. Let 
{a{, . . . , a* , 6*, . . . , 6* } be the right dual basis with respect to 0. Then, 

E =£K,.. ..,&:} 

4 = Ce(a*, a*, &;,..., &*) 
Note that by Corollary 6.10 and Lemma 6.12 both bases are A-bases for M. Note that the 
type of the lattice (a*, . . . , a* , &*, . . . , = (ai, ■ ■ ■ , a„, &i, . . . , &n)o_ e is n. Now consider 
the k(t)-linear map 

h ^ a* 
i — y b* 

for all i — 1, 2, . . . , n. It is easy to check that is a type-preserving automorphism of A e 
such that df = d £ since it is a k(£)-linear map that sends the object of type i on d £ to the 
object of type i on d £ . This implies that <fi G H = N n -B+ D S_ and it follows (see e.g. [1]) 
that 

&i = A^a* 
to, = /j,ib* 

where Aj,//j G k* and in fact since (a*)* = ta^ we have fa = X[ . Without modifying the 
chambers d £ , we may scale so that Aj = 1 for all i, that is 

k = a* 
tai — b* 

so the Gram matrix of {a±, . . . , a n , b\, . . . , b n } is B. □ 



Theorem 6.16. The group G acts flag-transitively on A . 
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Proof. Let (d + , gL) G A 9 . By Lemma 6.15 there exists an A-basis {ai, . . . ,a n ,bi, . . . , b n } 
for M whose Gram matrix is B. The A-linear map 

0: V ->V 
/i >->■ 6< 

for all i — 1,2, ... ,n belongs to G 9 and sends (c+, c_) to (<i + , gL). □ 



We now discuss the parabolic subgroups of the action of G on A 9 . 

Lemma 6.17. Let J C / be 6-invariant and let (R, R 9 ) be a pair of residues of A 9 of type 
J. Then, 

(a) we can write J = K l±) K 9 such that M# and M K e are in separate connected com- 
ponents of Mj. 

(b) R = S xT 9 and R 9 = S 9 x T, where S and T are of type K. 

(c) Assume R lies on the standard chamber c + so that all parabolic groups are standard. 
Stable (R) = Lj, where Lj is the Levi subgroup of the standard parabolic subgroup 
of type J in G stabilizing R. 

(d) We have Lj = L K © L K e and Lj = {gg 9 \ g G L K }. 

Proof, (a) Since J ^ I there is some type % is missing from J and hence so is 0{i). Thus 
M/_{j £)(j)} has two connected components interchanged by 6. 

(b) This is general building theory. 

(c) The simultaneous stabilizer of R and its opposite R e in G is the Levi component Lr. 
Now G 9 HL R = L 9 R . 

(d) From (b) we have Lr = Ls®L T e and since T 9 and S 9 are opposite, L T e — L s $. The 
second part follows immediately. □ 

Remark 6.18. Note that the amalgam of minimal parabolic groups in G 9 for the action 
on A 9 is close to O ' , but not equal. Indeed, each parabolic contains a large portion of the 
maximal torus that stabilizes the standard pair of opposite chambers. 

6.2. simple connectedness. In this subsection we will prove that the chamber system 
(A , is connected and simply-connected. In order to do so we shall in fact prove a 
stronger result, namely that (A 9 , ~) is connected and simply connected. Namely, 

Lemma 6.19. Suppose that X is a sub set of A + such that {X, ~) is connected and simply 
connected. Then (X, ^) is also connected and simply connected. 

Proof. Note that each rank r < n residue of (A + ,~) is included in a residue of rank 
< r of (A + ,f«). Since connectedness is a statement about rank 1 residues and simple 
connectedness is a statement about rank 2 residues, we are done. □ 
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We will use the techniques developed in [15] to show that (A e ,~) is simply connected. In 
the terminology of loc. cit. a collection {C m } me ^ of subsets of a chamber system V over / 
is a filtration if the following are satisfied: 

• Fl For any m G N C m C C m+ i, 

• F2 {J rnGN C m = V, 

• F3 For any m G N >0 , if C m -i 7^ 0, there exists an % G / such that for any c G C m , 
there is a d G C m _i that is z- adjacent to c. 

It is called a residual filtration if the intersections of C with any given residue is a filtration 
of that residue. 

For any c G A, let |c| = min{A | c G C\}. For a subset I C D we accordingly define 
\X\ = min{|c| | c G X} and aff(X) = {c E X \ \c\ = \X\}. We shall make use of the 
following result from loc. cit.. 

Theorem 6.20. Suppose C is a residual filtration on T> such that for any rank 2 residue 
R, aff(i?) is connected and any rank 3 residue R, aff(i?) is simply connected, then the 
following are equivalent. 

(a) D is simply connected, 

(b) C n is simply connected for all n G N. 

We now let T> be the chamber system A + , with adjacency relations ~j (i G I). We then 
define a residual filtration C on A + with the property that Co = A e . We shall first prove 
that T> is simply connected. In order to obtain simple connectedness of A e it will suffice 
to show that C satisfies the conditions of the theorem. 

6.3. the filtration C. In order to define the filtration C we first let 

W 9 = {w G W I 34 G A £ : w = 5*(d £ ,d £ )}. 

We also fix an injective map | • |: W 9 — > N such that whenever l(w) > l(w'), we have 
\w\ > \w'\ and for any m G N. We then define a filtration on A + using | • | as follows: Let 

C m = {c+ G A + I \5*(c+,c 9 + )\ < m}. 

In the remainder of this section we prove that C is a residual filtration. First however, we 
will need some technical lemmas about W 9 . Let 

W(9) = {u G W I u 9 = u- 1 }. 

These elements are called twisted involutions in [35] and [20] . Some of the results bellow 
have somewhat weaker forms in the most general case of a quasi-twist. See [i ] for details 
on both twisted involutions and of the corresponding geometries. 

We now characterize W(6) as follows: 

Lemma 6.21. 

W{9) = {wiw- 1 ) 9 I w G W}. 

More precisely, given any u G W(8) there exists a word w G W such that is a 

reduced expression for u. 
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Proof. It is obvious that we have D. We now proceed to prove the reverse inclusion. Let 
u G W 9 . We prove that u can be written as a reduced expression of the form w(w~ l ) e 
by induction on I = l(u). If / = 0, then 1 = u = 1 ■ (l^ 1 ) 9 - Now let Z > 1 and write 
it = Si 1 ■ ■ ■ Si r By assumption we can also write u = s^) • • • sg^y Consider u' = s^usg^). 
Note that u' G W{9). We note the following: /(s^w) < l{u) and so writing s^u = 
s H s e(ii) " " " s e(h) it follows from the exchange property that there is some j such that s^u = 
s e{ii) ■ ■ ■ s e{ij) ' " ' s 6(h)- There are two cases: 

i J > 1 

ii j = 1 

In case (i) it follows that /(s^ms^J = l(u) — 2. By induction we have a word w' of length 
(/(m) — 2)/2 such that u = s^w' {w'~ l ) e sq^ and since this expression has length l{u) it is 
reduced and we are done. 

In case (ii) it follows that s^usg^ = u. This means that u can also be written in the 
form u = Si 2 - ■ ■ Sj;Se(j 1 ). Repeating this process we either decrease the length as in case 
(i), or u has the property that it can be written such that any of the come first. By 
Theorem 2.16 of [30] this means that if J = . . . ,ii, 0(ii), ■ ■ ■ , then Wj is finite 

and u is the longest word in Wj. In particular J ^ I, then since typ(#) acts on A 2n ^i by 
interchanging opposite nodes, there is a subset K C J such that J is the disjoint union of 
K and K e . As a consequence, u = wk(wk) - □ 

The following lemma characterizes W e . 
Lemma 6.22. W 9 = W(B). 

Proof. Let c e G A e . Then u = 5*(c e ,c d £ ) satisfies u e = vT 1 . Therefore the inclusion C 
follows by definition. Conversely, consider a chamber c £ such that c e oppc^. Then the 
apartment S(c £ ,cf) is preserved by 9 and identifying it with the Coxeter group we see 
that 9 acts on S as it acts on W . Let u G W(9). Then, by Lemma 6.21 it is of the 
form wi^w^ 1 ) 9 for some w G W. Let d e be the chamber such that S E (c e ,d E ) = w, then 
8*(d £l d 9 £ ) = w(w^ 1 ) = u as desired. □ 

In the sequel we shall use the following notation for projections. Given a residue R of A e , 
we denote projection from A e onto R by proj R and denote (co-) projection from A_ e onto 
R by projjj. 

Lemma 6.23. Suppose that c £ G A £ satisfies 5*(c £ ,c 9 £ ) = w, let i £ I and suppose that n 
is the ^i-panel on c £ . Then, 

(a) If l(siw) > l(w), then all chambers d £ G 7r — {c £ } except one satisfy 5*(d £ ,d 9 £ ) = w. 
The remaining chamber c £ satisfies 5*(c £ , (c e ) e ) = SiWSg^y 

(b) If l(siw) < l(w), then all chambers d £ G n — {c £ } satisfy 5*(d £ ,d £ ) = SiWSg^. 

In particular, if w = 1, then all chambers d £ G tc — {c £ } except one satisfy 5*(d £ ,d 9 ) = 1. 
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Proof, (a) In this case, by the twin-building axioms, there is a unique chamber, called 
c = proj* (cf) such that 5*(c, c 9 ) = SiW. Let d £ be any other chamber in n. Then, again by 
the twin-building axioms we have 5*(d e ,c 9 e ) = w. By applying 9 we see that 5*(df,c e ) = 
w = w~ l . It follows that for any other chamber d! G 7r we either have 5*(d 9 , d!) = w sg^) 
or ty e . Note here that l(w 9 sg^)) = l{w e ) + 1. However, 6*(d s ,di) G W 9 , where all lengths 
are even. Since w 9 G W 9 , w 6 'sq^ $ W 9 and so we must have 5*(d £ , d 9 ) = w. By the same 
token, the distance 5*(c, C ) = SiWSg^y 

(b) In this case, by the twin-building axioms, every chamber <i e G 7r — {c e } satisfies 
<5*((i e , c 9 ) = SjW, since now c e = proj*(cf), which is unique. Applying 9 we see that 
5*(d 9 , c £ ) = sg^w 9 . It follows that for any other chamber d' G tt we either have 5*(d 9 , d') = 
sg^w 9 Si or so^w 9 . However, since w 9 G W e , by looking at the lengths, w 9 Si ly 9 , and 
so we must have 5*(d 9 £) d £ ) = so(i)W 9 Si and we are done. □ 

Lemma 6.24. 9 does not commute with any reflection. 

Proof. Let r be any reflection such that r 9 = r. Then in fact r G W 9 . However, all elements 
of W e have even length and r being a conjugate of a fundamental reflection does not. □ 

Lemma 6.25. For u G W 9 and i £ I, we have l(siUSs^)) = l{u) ± 2. 

Proof. By Lemma 6.21 u has a reduced expression of the form ww~ 9 . First note that by 
Lemma 6.24 we cannot have SiUSg^) = u because that would imply that the reflection 
w~ l SiW is fixed by 9. There are two cases to consider, namely, 

(a) l(siu) > l(u), 

(b) l(siu) < l{u). 

In case (a) note that l(siu) = l(use^)) > l(u), so that by Proposition 4.1(b) of [15] we have 
l(siUSg(i)) = l{u) + 2 or SiUSg(i) = u. The latter is impossible by the preceding argument. 

In case (b) consider u' = SiU and assume that l(siUSQ^) = l{u). We now have l{u'se(i)) = 
l(siUSQ(i)) = l(u) > l{v!) and l(siii') = l{u) > l(siu) = l(vf). Applying the aforementioned 
Proposition again, we find that either l{siu'sQ^)) = l(u') + 2 or Sivls^) = u' . In the first 
case we find that l(siu) = l(usg(i)) — 2, which contradicts the equality l(siu) = l((siu) 9 ) = 
l{se(i)U^ 1 ) = l(uso(i)). The second case is ruled out as in (a). □ 

We define the following subset of a given residue R: 

Ag(R) = {c G R | /(5*(c, c 9 )) is minimal among all such distances}. 

Lemma 6.26. Let R be a J -residue. Let c G Ag(R) and let w = 5*(c, c 9 ). Then, d G Ag(R) 
if and only if w — 5*(d, d 9 ). Moreover, w is determined by the fact that for any j G J we 
have l(sjw) = l(w) + 1. 

Proof. First note that by Lemma 6.23, {8*(x,x ) | x G R} = {uwu 9 \ u G Wj}. More- 
over, the coset WjwWg(j) has a minimal element m that is characterized by the fact that 
l(sjm) = l(m) + 1 and l(msg^A = l(m) + 1 for all j G J. We claim that w has that property 
as well. Namely, let j G J have the property that l(wsg^)) = l(sjiv) < l(w). Then, by 
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Lemma 6.23 (b) any element d in the j-panel on c has the property that 5*(d, d ) = SjWSgy^ 
and by Lemma 6.25 this must have length l{w) — 2, a contradiction to the fact that 
c G Ag(R). Thus, w satisfies the conditions on m and it follows that w = m. □ 

Proposition 6.27. Let c G R and let w = <5*(c, c e ). The following are equivalent: 

i cG A e (R), 

ii w = wr, the unique element of minimal length in WjwWq^j), 

iii c G Ck, where k = min{Z | Ci fl R ^ 0}. 

In particular, we have Ag(R) = aff(i?). 

Proof. By Lemma 6.26 (i) and (ii) are equivalent. Since | • | is strictly increasing, also (ii) 
and (iii) are equivalent. □ 

Proposition 6.28. C is a residual filtration. 

Proof. Part (Fl) and (F2) are immediate. Now let R be a J-residue, suppose that R fl 
Cn-i 7^ and let c G RnC n — C n -\. Let w = <5*(c, c e ). By Proposition 6.27, c G" A e (R) and 
so, by Lemma 6.26, there exists a j G J with l(sjw) < l(w). Therefore by Lemma 6.25, 
any j-neighbor d of of c has l(S(d, d e )) = l(w) — 2 and therefore belongs to C n -i- D 

Proposition 6.28 allows us to apply Theorem 6.20 and, by Proposition 6.27, in order to 
show simple connectedness of A 9 , it suffices to show that aff(i?) = Ag(R) is connected 
when R has rank 2 and is simply connected when R has rank 3. We shall first obtain some 
general properties of Aq(R) and then verify the connectedness properties using concrete 
models of A e (R). 

Proposition 6.29. (See Corollary 7.4 of [11]) For e = ± ; let S £ C R e be residues of 
A e such that S £ = proj^. £ (-R_ £ ) and let x £ G R £ be an arbitrary chamber and assume in 
addition that i?_ e = R e e and x_ e = x e e , for e = ±. Then, x £ G Ag(R e ) if and only if 

i x e belongs to a residue opposite to S £ in R e whose type is also opposite to the type 
of S e in R £ and 

ii P r °j5 £ (^) £ A e (S £ ). 

Proof. This is exactly the same as the proof in loc. cit. noting that it suffices for 9 to be 
an isomorphism between A + and A_ that preserves lengths of codistances. □ 

Lemma 6.30. With the notation of Proposition 6.29, proj^, proj1j_ e define adjacency pre- 
serving bijections between S- £ and S £ and (proj^J -1 = projg_ £ . Let I = max{Z(5 ! „(c e , cL e )) | 
c £ G S e ,d- £ G 5_ e }. Then, d_ £ = projg_ e (c e ) if and only if l(8*(c E , d_ e )) = /. 

Proof. This is the twin-building version of the main result of [16]. □ 

In view of Proposition 6.29, in order to study Ag(R) entirely inside R we need to know what 
Ag(S) looks like if proj^ oQ is a bijection on S. From now on we shall write 9s = proj1jo#. 
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Corollary 6.31. In the notation of Proposition 6.29, 6s E has order 2. 

Proof. Pick any c G S £ . Then l(5*(c 9 , (proj^_ e (c)) 9 )) = l(5*(c, (proj^ (c)))). Therefore, by 
Lemma 6.30, proj^ e (c 61 ) = (proj*y_ (c)) e . The claim of the lemma follows. □ 

Lemma 6.32. Let R be a residue of type Mj = A m for some m and assume that proj^e 
defines a bijection between R and R 9 . Then, Or is a type preserving automorphism of R. 

Proof. Note first that both 9 and proj^e define a bijection between the type set of R and 
the type set of 8(R). Both maps can either be equal or differ by opposition. We now prove 
that they cannot differ by opposition. 

Let x G Ag(R) and consider an arbitrary twin-apartment E on x and x e . Note that 
proj^ e (a;) G E and proj* R (x 9 ) G E. Moreover, since x G A e (R), the chambers pio]* R e(x) 
and x e are opposite in R e fl E. 

Let y = proj* (x 9 ), where n is the j-panel on x in R. Then yET.HR and l(6*(y, y 9 )) = 
l(5*(x,x 9 )) + 2 by Lemma 6.23. More precisely, that lemma says that y 9 = proj* 9 (y). In 
particular y 9 G E. 

Note that l(5*(x, proj*^(x))) = /(£*(?/, proj*^ ?/)), but ^ l(5*(y,y 9 )). There- 

fore, by definition of projection 5_ E (proj^ e (y), y 9 ) 7^ 5_ £ (proj^ s (x), x 6 *) = io^j). Therefore 
if pToj* R e(y) and proj*^ e (x) are f adjacent, then f and 9(j) are not opposite. □ 

Proposition 6.33. Assume the terminology of Proposition 6.29. Then, we have the fol- 
lowing. 

i $s £ cannot preserve a panel. 

ii S e cannot be of type A\, 

iii S £ cannot be of type A 2 ; 

iv if S e has type A\ x A\, then either Ag(S e ) = S £ or 6$ E interchanges the types; 

Proof. Suppose n is an i-panel that is preserved by 9s e - Thus the bijection proj^ £ : S 9 — > S £ 
restricts to a bijection between ir 9 and ir. Note that this bijection is proj* . 

However, by Lemma 6.25 we see that there is a chamber c e G it and a w G W 9 with 
the property that 5*(c £) c 9 £ ) = SiWSe(i) and 8*(d s ,d e ) = w, for all d £ G n — {c £ } and 
l(siWSQ(i)) = l(w) +2. From the twin-building axioms it now follows that c £ = proj* (d 9 ) for 
all d £ G 7r. Thus, proj* is not bijective on n 9 , hence neither is proj^ on S 9 , a contradiction. 

Part (ii) follows immediately from (i). To see (iii) note that in this case S £ is a projective 
plane and any automorphism of order 2 necessarily has a fixed point. This fixed point is a 
panel that is preserved by proj 5 o$, contradicting (i). 

(iv) Suppose S £ has type A\ x A\. Then, by (i) 6s e cannot preserve a panel. Therefore 
if it fixes type, then, 6s e has no fixed points so that Ag(S s ) = S £ . □ 

Lemma 6.34. Assume the terminology of Proposition 6.29 and set R = R £ and S = S £ 
for some e — ±. Suppose that R 7^ S and S = Ag(S). If R has rank 2, then Ag(R) is 
connected and if R has rank 3, then Ag(R) is connected and simply connected. 

Proof. By Proposition 6.29, Ag(R) is the geometry opposite S. Connectedness is proved 
in [9, Theorem 2.1], [8, Theorem 3.12] [1, Proposition 7]. Now let R have rank 3. If the 
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diagram of R is disconnected, Ag(R) is the product of connected residues of rank < 2, 
hence it is simply connected. Finally suppose R has type A 3 . If S is a chamber then we 
are done by [1]. In view of Proposition 6.33 this leaves the case where S has type A\ x A±. 
Now Ag(R) is the geometry of all points, lines and planes of a projective 3-space that are 
opposite a fixed line I. That is the points and planes are those not incident to / and the 
lines are those not intersecting I. Consider any closed gallery 7 in Ag(R). It corresponds to 
a path of points and lines that all belong to Ag(R). One easily verifies the following: Any 
two points are on some plane. Hence the collinearity graph S on the point set of Ag(R) 
has diameter 2. Any triangle in H lies on a plane. Given any line m and two points p\ and 
p 2 off that line, there is a point q on m that is collinear to p% and P2 since lines have at 
least three points. It follows that quadrangles and pentagons in S can be decomposed into 
triangles. Since triangles are geometric, that is, there is some object incident to all points 
and lines of that triangle, 7 is null- nomotopic. □ 

Lemma 6.35. If R has rank 2, then Ag(R) is connected. 

Proof. There are two cases: R has type A 2 or A\ x A\. If R has type A 2 , then by Proposi- 
tion 6.33, S is a chamber and so by Lemma 6.34 we are done. Now let R have type A\ x Ai, 
then S is a chamber, in which case we are done again, or it is R. By Proposition 6.33, either 
Ag(R) = R, which is connected, or 6r switches types and Ag(R) is a complete bipartite 
graph with a perfect matching removed. This is connected since panels have at least three 
elements. □ 

Lemma 6.36. Assume the notation of Proposition 6.29. Suppose that R = Ri x R 2 and 
S = Si x S 2 , where typ(S'j) C typ(-Rj) for i — 1,2. Suppose moreover, that 63 preserves 
the type sets li of the residue Si (not necessarily point-wise). Then, 

i Or = Qri x 6r 2 ■ 

ii Ag(R) = Ag(Ri) X Ag(R 2 ). 

Proof. For i = 1,2, let Jj = typ(-Rj) and let ij = typ(S'j). (i) Note that if, for i = 1,2, R[ 
is a residue of type J- in R then R[ D R' 2 = {c} for some chamber c and, for any x G R' iy 
projj^(x) = c. By assumption on S the same is true for residues S^ of type Jj. Note 
further that the same applies to the residues R e and S '. Recall now that the isomorphism 
R = R 1 xR 2 is given by x i-> (xi,x 2 ), where Xj = proj^(x). Thus in order to prove (i) it 
suffices to show that 

proj fii o proj^ 06 = proj^ 06 o proj Ri . 

However, note that in fact 

Or = proj^o6» = projjofl, 
By Lemma 7.3 of [11] we have proj^ = projg o proj s e so that 

Or = proj^ o9 = proj^ o proj s „ 06, 
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and the same holds for Ri and Sj. Since 9 is an isomorphism we also have proj s e o9 = 
9 o proj 5 , so that 

B R = proj 5 ProJse ° e = V r °i*s ° e P r oj<?, 
6ik = Projj. o proj s .e 06 = proj 5 . 06 o proj s ., for % = 1, 2. 

Note at this point that proj 5 (x) = proj s ((zi,x 2 )) = (proj Sl oproj fll (a:)), proj Sa oproj jBa (a;)). 
In other words: proj 5 = proj 5l x proj Sa = (proj Sl oproj^, proj S2 oproj^J. Thus in order 
to prove (i) it suffices to show that 

proj Si o proj 5 06 o proj s = proj 5 . 06 o proj 5i , for i = 1, 2. 

This is equivalent to showing that on 5 we have 

proj 5i o proj 5 o# = projg- 06 P ro .W for i = 1, 2. 

To see this, first pick some x G S and note that if x lies on the /2-residue S 2 , then 
x, proj 5l (x) G S'2, thus 9(x),9 o proj 5i (x) G S 2 fl . But since 9 S is type-preserving, we have 
proj s °9(x), proj s o9 o proj 5i (x) G proj s (S 2 ) = S 2 , and S'2 is again of type J 2 . There- 
fore, the projection on Si of these two chambers is the same, namely Si D S 2 . Namely, 
proj 5i oproj s o6>(x) = proj Si oprojj o6»oproj 5i (x) = SiHS 2 '. Noting that proj 5i o projj(y) = 
Projs^y) for any y G S e , we have proj Si o proj 5 o9(x) = (proj 5i o proj 5 ) o 9 o proj 5i (x) = 
proj^ °0 P TO isi( x )> that is, proj 5l o9s = 9s l proj 5l ,which proves the claim. 

(ii) Let x = (xi, x 2 ) G R± x i? 2 , and suppose C A e . Then, by (i), 

5 £ (x,x e )= 5((x 1 ,x 2 ),9 R (x 1 ,x 2 )) 

= S((x 1 ,x 2 ),(9 Rl (x 1 ),9 R2 (x 2 ))) 
= 5 1 (x 1 ,9 Rl (x 1 )) ■ S 2 (x 2 ,9r 2 (x 2 )). 

Since Ag(Ri) x Ag(R 2 ) C R x x -R2, we see that <5(x, 9 R (x)) is maximal if and only if 
^(^i)) is maximal for i = 1, 2. Thus = x A fl (i2 2 )- □ 

Theorem 6.37. Suppose that |k| > 5. /ias ranfc 3 ; t/ten ^(i?) is connected and simply 
2-connected. 

Proof. The residue R has one of three possible types: A 3 , A 2 x A x , or A x x A x x A x . In 
view of Lemma 6.34 we will ignore the cases where S = Aq(S) is a proper residue of R. 

Since S is a residue, but not a chamber, a panel, or a residue of type A 2 , and S 7^ ^4e(S), 
it follows from Proposition 6.33 that either R = S or S has type Ai x A\ and 0$ switches 
types on S. The theorem will now follow from Lemmas 6.38 and 6.39. □ 

Lemma 6.38. If R has disconnected diagram of rank 3, then Aq(R) is connected and 
simply connected. 

Proof. We show that in all cases Lemma 6.36 applies. If R has type A\ x A\ x Ai, then 
let 9 act on the types of R. It either fixes all types or it has two orbits l\ and I2, where 
we may assume I/2I =2. Moreover, if S has type A\ x A\, then we can write S = Si x S2, 
where Si = {c} C R l7 S 2 = R 2 and Ri has type Jj, for i — 1, 2. If R = S, then we can take 
Si = Ri, where Ri as above. One verifies that Lemma 6.36 applies. 
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We now turn to the case, where R has type A 2 x Ax- Let Jj be the underlying type set of 
type Aj. Since is an adjacency preserving permutation of R of order 2, it must preserve 
the type sets J\ and J 2 . In particular if S has type Ax x Ax, Os must be type preserving. 
Take Ri to be a residue on c G -R of type Jj. Let Sx = R\ and let S 2 = S fl R 2 . Now again 
Lemma 6.36 applies. 

By Lemma 6.36, Ag(R) = Ag(R\) x Ag(R 2 ). By Lemma 6.35, Ag(Ri) is connected, hence 
A e (R) is connected and simply connected. □ 

Lemma 6.39. If R is of type A 3 and |k| > 5 then the geometry Ag(R) is connected and 
simply connected. 

Proof. Case 1: S = R. By Lemma 6.32, Or is given by an involutory semilinear map (f) on 
a 4-dimensional vector space. Since S = R, we also know that <ft has no fixed points. We 
now define the objects of the geometry Ag(R). All points and all planes of PG(V) belong 
to Ag(R). The only lines in the geometry are those 2-dimensional spaces of V that are not 
fixed by <fi. These will be called good lines. Points will be denoted by lowercase letters, 
good lines will be denoted by uppercase letters and planes will be denoted by greek letters. 

We now describe incidence. We shall use containment relations only for containment in 
PG(V), not to be confused with incidence in Ag(R). Any point contained in a good line 
will be incident to it and any plane containing a good line will be incident to it. A point 
p will be incident to a plane tt if and only if p C tt and p (t tt^. 

We now gather some basic properties of Ag(R). Any plane tt is incident to any point 
p that is not contained in the only bad line tt fl tt^ of tt. It follows that any two points 
incident to a plane will be collinear. and any point p is incident to all planes tt so that 
p C Ti but 7i does not contain the only bad line (p,p^) containing p. If a line L is incident 
to a plane tt, then all but one point incident to L is incident to tt. 

Connectivity is quite immediate since any two points Pi,p 2 that are not collinear will be 
collinear to any other point not in the unique bad line (pi,p 2 ) on pi (and p 2 ). 

In order to prove simple connectivity we first reduce any path to a path in the collinearity 
graph. Indeed any path p\Trp 2 will be homotopically equivalent to the path pxLp 2 where 
L = {p\,P2}- Any path pirL will be homotopically equivalent to the path pL'p'L where p' is 
a point on L that is also incident to tt and L' = (p,p'). Note that since p' is incident to tt, 
V is a good line. Finally a path L\ttL 2 is homotopically equivalent to the path LxP\L' p 2 L 2 
where Pi are points on Li that are incident to tt and L' = (pi,p 2 ). 

Therefore, to show simple connectedness we can restrict to paths in the collinearity 
graph. Note also the fact that if p is a point and L is a good line not incident to p then p 
will be collinear to all but at most one point on L (namely the intersection of the unique 
bad line on p and L if this intersection exists). This enables the decomposition of any 
path in the collinearity graph to triangles. Indeed, the diameter of the collinearity graph 
is two and so any path can be decomposed into triangles, quadrangles and pentagons. 
Moreover, if Px,Pi,Pz,P± is a quadrangle then, since \k\ > 4, the line (p 2 ,p^) will admit a 
point collinear to both pi and p^ decomposing the quadrangle into triangles. Similarly, if 
PijP2,P3,Pi,P5 is a pentagon, then there will be a point on the good line {pz,Pi} that is 
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collinear to p 1 . Thus, the pentagon decomposes into quadrangles. Therefore it suffices to 
decompose triangles into geometric triangles. 

Assume that pi,P2,P3 is a triangle. The plane n = (pi,P2,P3) is incident to all three 
(good) lines in the triangle and so, either the triangle is geometric and then we are done, 
or one of the points is not incident to ir. Let us assume that p\ is not incident to ir. 

Consider a plane ir' that contains the line (^2,^3) and so that P2 and ps are incident to 
7r'. This is certainly possible since |k| > 4 and one only need to stay clear of the planes 
(P2,P3,pt) and (p2,P3,pi)- Note that by choice of ir', any line L with p^ C L C n' is good. 

Let now for each % = 2, 3 

Lj = {L C tt'\L ^ (p2,P3),Pi Q L, and Pi is incident to the plane (pi,Pi,L)}. 

We have U = |k| — 1, the only lines of ir' on p t not in U are {P21P3) and (pi,Pi,pf) H 7r'. 
Note that if L G U then L only admits one point not incident to ir'. Pick lines distinct 
lines Lij G U with j = 1,2,3. Of the 9 intersection points at most 6 are not incident to 
one of the three planes that they define. Pick any one of the remaining 3 points and use 
it as the point p above. 

Case 2: S of type Ai x A x . The geometry is rather similar to the previous one. There 
is a line L so that S is the residue corresponding to L and the map 63 induces a pairing 
between points of L and planes on L. The geometry Aq(R) is described as follows. The 
points of the geometry are all the points of V not in L, the lines of the geometry are all 
the lines of V not intersecting L and the planes are all planes of V not containing L. 

We now describe incidence. Any line included in a plane is incident to it and any point 
included in a line is incident to it. A point p is incident to a plane 7r if and only if the 
plane tt' = (p, L) is not paired to the point p' = L D n. 

We now gather a few useful properties of this geometry. Note a number of similarities 
with the previous geometry. Any plane n is incident to all the points pC?rso that p is not 
contained in the bad line ir' fl n where n' is the plane paired to the point n n L. Similarly 
any point p is incident to any plane n if p C 7r and (p,p') ^ it where p' is the point paired 
to the plane (p, L). If p is a point and L is a good line not incident to p then p will be 
collinear to all but one point on L; namely the non-collinear point on L is the intersection 
of L with the bad plane (p, L). 

Any two points p±,p2 that are not collinear have the property that (pi,P2) intersects L 
and so any point not in (pi,p 2 ,Ij) will be collinear to both pi and p 2 . In particular, the 
geometry Ag(R) is connected and the diameter of the collinearity graph is 2. 

The reduction to the collinearity graph is a little more involved because not every two 
points on a good plane will be collinear. However any two non-collinear points incident to 
a good plane n are collinear to any other point incident to 7r since L intersects n in exactly 
one point. 

The previous remark immediately shows that a path of type p\ixp2 can be replaced by a 
path pi,Li,p', L 2 ,P2, where all elements are incident to n. Suppose we have a path of type 
pirL. Since 7r is incident to all but one point on the line L and p is collinear to all but one 
point on the line L, we can replace this path by one of type piLip 2 L, where all objects are 
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incident to ir. Suppose we have a path of type LittL 2 . This reduces to the previous case 
since all but one point of L\ are incident to n. 

As before, given any line L and two points p\ and p 2 not on L, there are only two points 
on L that are not collinear to at least one of p\ and p 2 - The proof that all paths in the 
collinearity graph decompose into triangles is identical. Therefore it suffices to show that 
any triangle decomposes into geometric triangles. 

Finally we need to modify the argument above to decompose triangles. The only differ- 
ence is once more the fact that not every two points incident to a good plane are collinear. 
As a consequence the sets U only have |k| — 2 lines because one needs to exclude the space 
(Pi,Tr' n L). Moreover, each line of Lj has three forbidden points. Namely, in addition to 
the two as in the previous case, it has one point that is not collinear to p\ since it lies on 
the plane (pi, L). If |k| > 5, then we can choose four lines from l_2 and L3 and see that out 
of the 16 intersection points at most 9 are bad. Pick any one of those remaining points p 
and notice that it is collinear to all of the pi and ppiPj is a geometric triangle for all i 7^ j. 
This decomposes the initial triangle into geometric triangles. □ 

For ^-invariant J C I let Bj be the stabilizer in G 9 of (Rj, Rj) C A 9 , where Rj is the 
J-residue of A + on c + . Let B = {Bj \ J C J, J 9 = J} and note that this is the amalgam 
of maximal parabolic subgroups of G 9 for the action on A 9 . For k £ {!,..., n} write 

Lemma 6.40. The group G 9 is the universal completion of the amalgam B. 

Proof. By Lemma 6.35 and Theorem 6.37 the residual filtration C satisfies the condi- 
tions of Theorem 6.20. It follows that (A e ,~) is connected and simply connected and 
by Lemma 6.19, so is (A 9 ,m). Therefore, by Tits' Lemma [39, Corollaire 1], G 9 is the 
universal completion of the amalgam B. □ 

In order to prove Theorem 3 we shall have to prove that the universal completion of C T 
equals the universal completion of B. To this end we set up some notation. 

Recall that C7 = {Li,Lij \ i,j £ {1,2, ... ,n}} and that Di denotes the diagonal torus 
of Li < G 9 . For ^-invariant J C I let Aj = (Li,Lij | i,j £ Jfl {1, . . . ,n}) G e. For 
i,j £ {1,2, ...,n} we shall write A { = A {i ^ i)} , A T = and A^ = A {i j Mi)t g ij)} . 

For any k £ {1, . . . ,n}, let 

A k = {Ai,Aij I i,j £ {l,...,n} - {k}} 
Lemma 6.41. For each k £ {1, . . . ,n} the universal completion of Ak is Aj. = SL n (k). 
Proof. This follows from the Curtis-Tits theorem. □ 

Let G be the universal completion of C ' . 
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Lemma 6.42. There exists a unique surjective homomorphism $: G — > G . 

Proof. By construction, G 9 contains a copy of C7 . Moreover, for each k G {1, . . . , n} the 
subgroup (Ah, Dk) < G 9 equals the maximal parabolic group Bj,. Hence by Lemma 6.40 
the amalgam C T generates G T . The existence of $ follows from the universality of G. □ 

Lemma 6.43. For each k G {1, . . . ,n} there exists a subgroup Aj. < G such that $: A\ — > 
Aj. is an isomorphism. 

Proof. Let A^ be the subgroup of G generated by the amalgam Ak Q G. By Lemma 6.41 
there is a unique surjective homomorphism Aj, — > Aj,. The composition of this homomor- 
phism with $ : A^ — > A^ is the identity on Ak so by universality property of Aj. this is the 
identity map. □ 



Proof, (of Theorem 3) By Lemma 6.42 we have a surjective homomorphism $: G — > G 9 . 
We shall now prove that it has an inverse by showing that G contains a copy of B. The 
result then follows from Lemma 6.40. 

Let D = (A \i G {1, . . . , n}) < G 9 . Note that D = D 1 x ■ ■ ■ x D n and that Bj = AjD 
(product of subgroups). In fact Bj is a quotient of Aj x D, with respect to conjugation in 
G 9 . 

We shall first reconstruct a copy, called D, of D inside G. We adopt the tilde convention, 
so that for any element x or subgroup H from A, x and H denote their images in G. Notice 
that D is not a subgroup of the amalgam A, and consequently we cannot use this convention 
to define D. Therefore we define it indirectly as follows. Let D be equal to the product of all 
the subgroups Di (notice that Di C Ai G A and hence Di is defined). We claim that there 
exists an isomorphism D — )■ D extending the isomorphisms Di — > Di. Indeed Di and Dj are 
both contained in Ay and they commute element-wise. Therefore Di and Dj also commute 
elementwise. This proves that there exists a surjective homomorphism <p: U^ =l Di — > D. 
However, we also have a canonical isomorphism of abstract groups 7: U^ =1 Di — > n™ =1 Dj. 
Here the former group is D. Now the composition <fi o 7 is a surjective homomorphism, 
which restricts to an isomorphism Di — > Di for each i. The restriction $: D — > D is 
surjective and has <p o 7 as its inverse. This proves our claim. 

In a similar spirit, for ^-invariant J C J, define Bj to be the product of the subgroups 
Aj with D. For this definition to make sense, we must show that every Di normalizes Aj. 
Note that Aj is generated by the subgroups Aj with j G J fl {1, . . . , n}. Inside Ay we see 
that Di normalizes Ai and Aj . Hence Di normalizes every Aj , implying that Di normalizes 
Aj. Thus the subgroups Bj are well defined. 

We claim that with respect to the natural homomorphism $: G — > G 9 , Bj maps iso- 
morphically onto the group Bj. This map is clearly surjective. Since D normalizes Bj, 
there is a surjective homomorphism Aj x D — > Bj, whose kernel is K = {(a, a -1 ) G 
Aj x D I a G Aj D -D}. Similarly, there is a surjective homomorphism Aj x D — > Bj, 



CURTIS-TITS GROUPS 



31 



whose kernel is K = {(a, a 1 ) G Aj x D \ a G Aj D -D}. The natural homomorphism $ 
now induces a surjective homomorphism (Aj x D)/K — > (Aj x D)/K. Now note that 
Aj n .D = (A | i G JD {1, . . . ,n}). Moreover, Aj n -D > (A | i G J n {1, . . . ,n}). This 
shows that the natural homomorphism is in fact injective. □ 

7. APPLICATIONS AND CONNECTIONS 

7.1. the orientable curtis-tits groups SL n (A). Consider the ring R = k{i, t~ 1 } of skew 
Laurent polynomials. More precisely if x G k, then t~ 1 a;t = for some fixed automorphism 
<?ofk. ' 

In Section 5 we constructed a group G < GL n (R) that is a completion of the Curtis-Tits 
amalgam A s corresponding to the automorphism 5 (see Definition 1.1). Moreover, for S 
of finite order we showed that G can be regarded as SL n (i2), for a suitable definition of a 
determinant det#, and that it is the universal completion of A 6 and hence is a Kac-Moody 
group. 

Let A = ((A + , 5 + ), (A_, &_), 5*) be the twin-building associated to the Kac-Moody 
group G. Then, the pairs of maximal residues from A + and A_ that are opposite for 
the twinning correspond to vector bundles over the non- commutative projective line F 1 (S) 
in the sense of Drinfel'd. More precisely, let k{t},k{t -1 } < k{t,t -1 } be the corresponding 
skew polynomial rings and fix M a free k{£,t -1 } module of rank r. Following [ ] and 
[36] one can define a rank r vector bundle over the non-commutative projective line P 1 (5) 
as a collection (M+, M_, <p + , </>_) where M £ is a free r-dimensional module over k{t e } and 
(f) £ : M e <g> k-^r 1 } ^ M is an isomorphism of k{t,t 1 }-modules. By analogy to the 
commutative case (see [31, 32] for example) one can describe the building structure in 
terms of these vector bundles. We intend to explore these relations to number theory in a 
future paper. 

To give a different perspective on these groups we note that the skew Laurent polynomials 
are closely related to cyclic algebras as defined by Dickson. More precisely let k' < k be 
a cyclic field extension, of degree n, and let 5 be the generator of its Galois group. Given 
any a G k', define the k'-algebra (k/k', 6, a) to be generated by the elements of k, viewed 
as an extension of k', together with some element u subject to the following relations: 

u n = a,xu = ux s for x G k. 

These algebras are central simple algebras. The celebrated Brauer-Hasse-Noether the- 
orem states that every central division algebra over a number field k' is isomorphic to 
(k/k', 5, a) for some k, a, 5. 

For each a G k' one constructs the map e a : k{t,t -1 } — > (k/k', 5, a) via t t- > u. This in- 
duces a map e a : SL n (R) — >• SL n ((k/k', 5, a)), realizing the linear groups over cyclic algebras 
as completions of the Curtis-Tits amalgams. 

7.2. the non-orientable groups G T . Let V be a free A-module of rank 2n with basis 
{ei, fi | i = 1, . . . , n}. In this case k[t, t -1 ] denotes the ring of commutative Laurent poly- 
nomials in the variable t over a field k. The group G T is the isometry group of the unique 
non-symmetric cr-sesquilinear form (3 on V with the property that (3(ei,ej) = (3(fi,fj) = 
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Q,f3(ei,fj) = tSij and (3(fi,ej) = 5y where a: k[t,t x ] — > k[t,t x ] is the identity on k and 
interchanges t and t~ 1 . More precisely 

G T := {g G SUnikfor 1 })^^ G V,P(gx,gy) = (3(x,y)} 

In Section 6 we proved that G T is the Curtis-Tits group corresponding to the element r 
from Theorem 1. 

It turns out that the group G T has some very interesting natural quotients and that its 
action on certain Clifford-like algebras are related to phenomena in quantum physics. 

Let k denote the algebraic closure of k. For any a G k* consider the specializa- 
tion map e a : k^t" 1 ] — > k given by e a (/) = f{ a )- The map induces a homomorphism 
e a : SL 2n (k[t, t^ 1 ]) — >■ SL 2n (k(a)). In some instances the map commutes with the automor- 
phism a and so one can define a map e a : G T — > SL 2n (k) 

The most important specialization maps are those given by evaluating t at a = ±1 or 
a = (, a (q m + l)-st root of 1 where q is a power of the characteristic. 

Consider first a = — 1. In this case the automorphism a becomes trivial. Note that for 
g G G T we have e_i(#) G Sp 2n (k). In this case, the image of the group G T is the group 
generated by the Curtis-Tits amalgam A T inside Sp 2n (k). Preliminary studies suggest that 
we have equality. Similarly, if a = 1, the automorphism a is trivial and the map e\ takes 
G T into S0 2 f n (k). Preliminary results suggest that in fact the image of this map is fK^(k). 

Finally assume that k = ¥ q and a G ¥ q is a primitive (q + l)-st root of 1. The F q -linear 
map ¥ q (a) — > ¥ q (a) induced by a sends a to a -1 . Thus, a coincides with the Frobenius 
automorphism of the field ¥ q (a) = ¥ q 2. It is easy to verify that a change of coordinates 

= e; and j[ = bf\ where b 2 = a standardizes the Gram matrix of (3 o (e a x e a ) to 
a hermitian one, thus idenfying the image of e a with a subgroup of a conjugate of the 
unitary group SU 2 „(g). Again, preliminary results suggest that in fact the image of this 
map is isomorphic to SU 2n (g). This easily generalizes to the case where a is a (q m + l)-st 
root of unity and indeed to other cases where a is Galois-conjugate to a -1 . 

An intriguing connection comes from mathematical physics, where the form (3 has been 
considered in the context of q-CCR algebras (see for example [19, 7]). The related infinite 
dimensional Clifford algebra is a higher GK-dimensional version of Manin's quantum plane. 
This algebra is related to both the Clifford algebra of the orthogonal groups and the 
Heisenberg algebra for the symplectic groups in a similar fashion. 

These applications will be discussed in more detail in an upcoming paper. 
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